THE ROKHLIN PROPERTY FOR AUTOMORPHISMS ON 
SIMPLE C*- ALGEBRAS 



JIAJIE HUA 

I 

Abstract. Let A be the class of unital separable simple amenable C*- 
algebras A which satisfy the Universal Coefficient Theorem for which 
A ® M P has tracial rank zero for some supernatural number p of infinite 
type. Let A £ A and let a be an automorphism of A. Suppose that a 
has the tracial Rokhlin property. Suppose also that there is an integer 
J > 1 such that [a J ] = [icU] in KL(A, A), we show that A x a Z G A. 



1. Introduction 

Alan Connes introduced the Rokhlin property in ergodic theory to opera- 
tor algebras ([2])- Several versions of the Rokhlin property for automorphism 
on C*-algebra have been studied (for example [7] , [32] , [H] , [2| ) • Given a uni- 
tal C*-algebra A and an automorphism a of A, one may view the pair (A, a) 
as a non-commutative dynamical system. To study its dynamical structure, 
it is natural to introduce the notion of Rokhlin property. Let A be a unital 
simple AT-algebra (direct limits of circle algebras) with real rank zero and 
let a be an automorphism of A. In several cases, Kishimoto showed that 
if a is approximately inner and has a Rokhlin property, then the crossed 
product A x a 7L is again a unital simple AT with real rank zero ([8],[7j). 

In [lOj . H. Lin proved the following result: Let A be a unital separable 
simple C*-algebra with tracial rank zero and let a be an automorphism of A. 
Suppose that a has a tracial Rokhlin property. Suppose also that there is an 
integer J > 1 such that [a J ] = [id^] in KL(A, A). Then A x Q Z has tracial 
rank zero. Thus H. Lin generalizes the Kishimoto'results on unital simple 
AT-algebras with real rank zero to C*-algebras with tracial rank zero. 

In this paper, we generalize Lin's result as the following: Let A be the 
class of unital separable simple amenable C*-algebras A which satisfy the 
Universal Coefficient Theorem for which A ® M P has tracial rank zero for 
some supernatural number p of infinite type. Let A € A and let a be an 
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automorphism of A. Suppose that a has the tracial Rokhlin property. Sup- 
pose also that there is an integer J > 1 such that [a J ] = [kLa] in KL(A, A). 
Then A^ZeA 

This paper is organized as follows. In Section 2 we introduce notation on 
C*-algebras. In Section 3, we prove that, under our hypotheses, Ay\ a 7L G A. 

2. Notation 
We will use the following convention: 

(1) Let A be a C*-algebra, let a € A be a positive element and let p E A 
be a projection. We write [p] < [a] if there is a projection q € aAa and a 
partial isometry v € A such that t>*v = p and w* = (/. 

(2) Let A be a C*-algebra. We denote by Aut(A) the automorphism 
group of A. If A is unital and u 6 ^4 is a unitary , we denote by adtt the 
inner automorphism defined by adu(a) = u*au for all a S A 

(3) Let i £ 4, £ > and J 7 C A. We write x G e J 7 , if dist(x, J 7 ) < e, or 
there is y € T such that ||x — y|| < e. 

(4) Let A be a unital C*-algebra and T(A) the compact convex set of 
tracial states of A. 

(5) A unital C*-algebra is said to have real rank zero, written RR(^4) = 0, 
if the set of invertible self-adjoint elements is dense in self-adjoint elements 
of A. 

(6) we say the order on projection over a unital C*-algebra A is deter- 
mined by traces, if for any two projections p,q S A, r(p) < r(q) for all 
r € T(A) implies that p is equivalent to a projection p' < q. 

Definition 2.1. [9] Let A be a unital simple C *-algebra. Then A is said to 
have tracial (topological) rank zero if for every e > 0, every finite set T C A, 
and every nonzero positive element a £ A, there exists a finite dimensional 
C *-subalgebra B C A with ids = p such that: 

(1) \\px — xp\\ < e for all x G T . 

(2) pap G e B for all x € T . 

(3) [l-p]<[a]. 

If A has tracial rank zero, we write TR(A) = 0. 

Definition 2.2. (The Jiang-Su algebra [6]j Denote by Z the Jiang-Su al- 
gebra of unital infinite dimensional simple C *-algebra which is an induc- 
tive limit of prime dimension drop algebras with a unique tracial state, 
(K (Z),K (Z)+, [l z ]) = (Z,N, 1) and K X {Z) = 0. 

Definition 2.3. (A classifiable class of unital separable simple amenable 
C *-algebra) Denote by J\f the class of all unital separable amenable C*- 
algebras which satisfy the Universal Coefficient Theorem. 

For a supernatural number p, denote by M p the UHF algebra associated 
with p(see [3] ). 
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Let A denote the class of all unital separable simple amenable C *-algebras 
A inM for which A®Mp has tracial rank zero for some supernatural number 
p of infinite type. 

Definition 2.4. Let A be a unital stably finite separable simple amenable 
C*-algebra. 

By Ell(A) we mean the following: 

{K Q (A),K Q (A) + ,[l A ],K x {A),T{A),r A ), 

where r A : T(A) — > S[i a ](Kq(A)) is a surjective continuous affine map such 
that ^a( t )(W) = T (p) f or M projections p £ A<g> Mj. for k = 1, 2, ... . 

Suppose that B is another stably finite unital separable simple C *-algebra. 
A map A : Ell(A) — > Ell{B) is said to be a homomorphism if A gives 
an order homomorphism Xq : Kq(A) — >■ Kq{B) such that Xq : Kq{A) — > 
Kq{B) such that Ao([1a]) = [1b], a homomorphism X\ : Ki(A) — > Ki(B), a 
continuous affine map X' p : T(B) — > T(A) such that 

X' p (r)(p) = r B (r)(X ([p])) 

for all projection in A® for k = 1, 2, . . . and all r S T(B). 
We say that such A is an isomorphism, if Xq and X\ are isomorphisms 
and X' p is an affine homeomorphism. In this case, there is an affine homeo- 
morphism X p : T(A) — > T(B) such that A" 1 = X' p . 

Theorem 2.5. (Corollary 11.9 of [T[]j Let A, B G A. Then 

A® Z = B <g> Z 

if 

Ell(A®Z) ^Ell(B®Z). 

Definition 2.6. Recall that a C *-algebra A is said to be Z-stable if A®Z = 
A. Denote by Az the class of Z-stable C *-algebras in A. 

Corollary 2.7. Let A and B be two unital separable amenable simple C*- 
algebras in Az- Then A = B if and only if 

Ell(A) ^ Ell(B). 

3. Main result 

We recall the definition of the tracial Rokhlin property. 

Definition 3.1. (\13\ ) Let A be a unital C *-algebra and let a £Aut(A). 
We say a has the tracial Rokhlin property if for every e > 0, every n € N, 
every nonzero positive element a £ A, every finite set T C A, there are the 
mutually orthogonal projections eo, e\, ■ ■ ■ , e n £ A such that: 

(1) ||a(ej) — e J+ i|| < e for < j < n — 1. 

(2) \\ejb — bej\\ < e for < j < n and all b £ T . 

(3) Withe = Z]= e v [l-e] < [a]. 

The following result is Lemma 1.4 of |13j . 
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Lemma 3.2. Let A be a stably finite simple unital C*-algebra such that 
RR(A) = and the order on projections over A is determined by traces. 
Let a E Aut(A). Then a has the tracial Rokhlin property if and only if for 
every finite set T C A, every e > 0, and every n E N, there are mutually 
orthogonal projections eo, e\, e n E A such that: 

(1) \\ot(ej) — e J+ i|| < e for < j < n — 1. 

(2) \\ejb — bej\\ < e for < j < n and all b E T . 

(3) With e = Yl] =0 ej, we have r(l - e) < e for all r E T{A). 

Theorem 3.3. Let Ad Abe a unital separable simple amenable C *-algebra, 
and let a be an automorphism of A. Suppose that a has the tracial Rokhlin 
property. Suppose also that there is an integer J > 1 such that [a J ] = [id,A\ 
in KL(A, A). Then ix a ZeA 

Proof. Since A E A, we have TR(A®M P ) = for some supernatural number 
p of infinite type. Hence A ® M P have real rank zero, stable rank one and 
the order on projections over A <g> M P is determined by traces(see [9]). 

For every e > 0, every n E N, every finite set F C A <g> M p , Without 
loss of generality, we may assume that there exist a finite set Fa C j4 and 
i*M p C M p such that F = Fa <8> Fm ? ■ We can also find a positive element a 
of A such that r(a) < e for all r E T(^4). 

Since a has the tracial Rokhlin property, there exist mutually orthogonal 
projections 

e ,ei,...,e n E A 

such that: 

(1) ||a(ej) — ej+iH < e for < j < n — 1. 

(2) 1 1 e j fo — bej\\ < e for < j < n and all b E Fa- 

(3) Withe = E"=o^,[l-e]<[o]. 

Set e'j = ej <S> 1m p for < j < n. Then e'j, < j < n, are mutually 
orthogonal projections in A (g> M p . 
Then 

(1) ||(a <g) id)(e£) - ej- +1 || < e for < j < n - 1. 

(2) jje^-b - 6e^- 1| < e for < j < n and all b E F. 

(3) With e' = E"=o e i> r ( 1 " e ') ^ T (« ®1m p )<£ for all reT(i« M p ). 
So Q(X>idEAut(j4 <g> M p ) has the tracial Rokhlin property by Lemma 3.2. 
From assumption, there is an integer J > 1 such that [a J ] = [id^] in 

KL(A, A), then [(a <g> id) J ] = [id A ® id Mp ] in KL(A <g> M p , A ® M p ). 

Apply Theorem 4.4 of [10], we get TR((A M P ) x a&d Z) = 0. 

Next we prove that (^4 M P ) x a(X) id Z = (^4 x Q Z) <8> M P . 

Let u be the unitary implementing the action of a in the crossed product 
C*-algebra A X Q Z. 

Set of elements which have form E2=-m(SjLo a ij&> m ij)(u®lM ? y is dense 
in (^4®M P ) x Q ®i(iZ. We define a map on dense elements of (A®M P ) x a( g,jrfZ 
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by 

m Si m Si 

i=—m j=0 i=—m j=0 

Note 

m Si 

52 (52 ai 3 ® m v)( U ® 1 M v f 
i=—m j=0 
m Si 

i=—m j=0 
m Si 

= 52 (52 ai 3 ® m ij)( u% ® l M v ) 
i=—m j=0 
m Si 

= ^2 (52 a i3 u% )® m H- 
i=—m j=0 

then ip is a *-homomorphism, we can extend <p to (A ® M P ) y\ a ®id Z. 

So 9? is a norm invariant *-homomorphism, ip is injective, Set of all ele- 
ments like the form YliL- m Cl2j=o °ij n *) ® m ij ^ s dense in (A x a Z) ® M P . 
We can extend <~p as an isomorphism {A -Mp) Xq,^^ Z -> (4 x a Z) <g> M P . 

then is a *-isomorphism. 

So TR{(A x Q Z) (g)M P ) = 0, thus A x a Z e A □ 

Next we recall the definition of the Rokhlin property. 

Definition 3.4. (\8\) Let A be a unital simple C *-algebra and a € Aut(A). 
We say a has the Rokhlin property if for every e > 0, every n E N, every 
finite set F C A, there exist the mutually orthogonal projections 

eo, ei, . . . , e n -i,fo, /i, . . . , f n E A 

such that: 

(1) \\a(ej) - e j+1 \\ <efor0<j<n-2 and \\a(fj) - f j+ i\\ < e for 
< j < n - 1. 

(2) 1 1 e j a — aej\\ < e for < j < n — 1 and a// a£F, ||/ 3 -a — a/j|| < e /or 
< j < n for all a £ F. 

If A is a simple unital C*-algebra with real rank zero, stable rank one, 
and has weakly unperforated Kq(A), the Rokhlin property implies the tracial 
Rokhlin property (see [12J ) . 

Corollary 3.5. Let A £ A be a unital separable simple amenable C*- 
algebra, and let a be an automorphism of A. Suppose that a has the Rokhlin 
property. Suppose also that there is an integer J > 1 such that [a J ] = [idjx\ 
in KL(A, A). Then A^ a 1eA. 
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Proof. Using the similar proof of Theorem 3.3, we can know that a&d has 
the Rokhlin property. Since TR(A ® M p ) = 0, by Theorem 1.12 of |13j . 
a ® id has the tracial Rokhlin property. So we can complete the proof as 
the same as Theorem 3.3. □ 

The following definition is a stronger version of the Rokhlin property. 

Definition 3.6. Let A be a unital simple C *-algebra and a € Aut(A). We 
say a has the cyclic Rokhlin property if for every e > 0, every n S N, every 
finite set F C A, there exist the mutually orthogonal projections 

eo, ei, . . . , e n _i, /o, fx, . . . , f n £ A 

such that: 

(1) \\a(ej) - e j+ i\\ <efor0<j<n-l and e n = e . \\a(fj) - f j+ x\\ < £ 
for0<j<n and f n+1 = f . 

(2) 1 1 e j a — aej \\ < e for < j < n — 1 and for a £ F. \\fja — afj \\ < e for 
< j < n and all a € F. 

The only difference between the Rokhlin property and the cyclic Rokhlin 
property is that in condition (1) we require that |ja(e n _i) — eo|| < e and 
IH/n) - /oil < £■ 

Corollary 3.7. Let A 6 6e a unital separable simple amenable C*- 
algebra, and let a be an automorphism of A. Suppose that a has the cyclic 
Rokhlin property. Suppose also that there is an integer J > 1 such that 
[ a J ] = [id A ] in KL(A,A). Then Axi a Ze A Z - 

Proof. By Theorem 4.4 of 0, if A is ^-stable, a has the cyclic Rokhlin 
property, then A XI Q Z is also ^-stable, we can get the result from Corollary 
3.5. □ 

Remark 3.8. If A is a unital separable simple C *-algebra with locally finite 
decomposition rank which satisfies the UCT. Suppose the projections of A 
separate traces, since A(&M P is approximate divisible, apply Theoreml.J^(e) 
of PQ, A®Mp has real rank zero. But A®M P has locally finite decomposition 
rank and is Z -stable, by Theorem 2.1 of [16], we have TR(A ® M P ) = 0. 
This C *-algebras class is larger than class of C *-algebras which have tracial 
rank zero. 
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